Abstract. Most compartmental epidemic models can be represented using the Euler-Lotka 4 renewal equation (RE). The value of the RE is not widely appreciated in the epidemiological modelling 5 community, perhaps because its equivalence to standard models has not been presented rigorously 6 in non-trivial cases. Here, we provide analytical expressions for the intrinsic generation interval 7 distribution that must be used in the RE in order to yield epidemic dynamics that are identical 8 to those of the susceptible-exposed-infectious-recovered (SEIR) compartmental model with Erlang-9 distributed latent and infectious periods. This class of models includes the standard (exponentially-10 distributed) SIR and SEIR models as special cases. 11 
Background. The renewal equation (RE) was introduced by Leonhard Euler
individuals at time t, p(a) the probability to be infectious a time units after acquiring 24 the disease, and m(a) the "transmission potential", that is the average number of 25 secondary infections at "infection age" a.
26
The dynamics of epidemics are more commonly modelled with ordinary differen-27 tial equations (ODEs), following the seminal work of Kermack dynamics, is described by a system of m + n + 1 ODEs,
where I = n k=1 I k . The parameter β is the transmission rate, 1/σ is the mean latent 73 period (assuming an individual survives latency), 1/(γ + µ) is the mean duration 74 of infectiousness, and µ represents the per capita rates of both birth 1 and death.
75
To reduce the notational burden, the dependence on time has been omitted (i.e., 
90
We have L 1 (0) = 1, L j (0) = 0 for j = 2, . . . , m and F k (0) = 0 for k = 1, . . . , n.
91
We construct equations for the L j and F k exactly in parallel with the equations for 92 E j and I k :
The probability to be infectious at time τ after acquiring infection is simply the sum 98 n k=1 F k (τ ) (an individual can only be in one single infectious state at any given 99 time). The intrinsic generation-interval distribution [7] for the Erlang SEIR model, 100 denoted g, can then be expressed as 
where R 0 is the basic reproduction number and g is the intrinsic generation-interval 119 distribution [7] . The function g(τ ) is the probability that an individual survives and 120 transmits the disease τ days after acquiring it. Note that both R 0 and the distribution addition to the initial proportion susceptible, S(0), for the RE we must specify the 129 incidence at all times before t = 0, i.e., i(t) for all t ∈ (−∞, 0]. Here, we use the
130
Dirac Delta distribution, δ(t), to "jump-start" the epidemic at time 0, and write:
This is equivalent to starting at time 0 with a proportion I 0 in the first infected state 
138
We note that, with more complicated simulations, it would be possible to match 139 not only the number susceptible and the total number infected (as above) but also 140 how the initial prevalence is spread among the m + n infected classes in the ODE 141 model (2.1), by using an alternative formulation [3] for (2.5b): gives L 1 (t) = e −(mσ+µ)t . Multiplying equation (2.3b) by e (mσ+µ)t for k = 2 gives
easy to prove by induction that
161
Solving for the probabilities to be in the k th infectious stage F k is more tedious.
162
We present the two special cases when m = 0 and mσ = nγ first because both the satisfy the same ODE as the L k in the case where m > 1. Hence, we have:
The integration is straightforward:
Using Equation 2.4, the intrinsic generation-interval distribution is
In the special case n = 1 this reduces to
recovering the well-known result that the standard SIR model has an exponential is obtained in a similar way as L k :
The integration is again straightforward and we have
Hence, using Equation 2.4 the intrinsic generation-interval distribution is
In the special case of the standard SEIR model (m = n = 1), for any µ ≥ 0, we obtain 184 (3.9) g(t) = (γ + µ) 2 t e −(γ+µ)t . of infectious disease, the demographic rate µ is usually negligible compared to the 188 epidemiological rates (i.e., µ mσ and µ nγ), so the effect of µ on the generation 189 interval distribution g(τ ) will also be negligible in most applications. Calculations
The function G is the lower incomplete gamma function [23, §8.2.1]. We obtain the 200 intrinsic generation-interval distribution for the Erlang SEIR by combining equations 201 (2.4) and (3.10). In this generic case we obtain 202 (3.12)
where
In the special case m = n = 1, i.e., the standard SEIR model, all the complexities 211 collapse and we obtain 212 (3.14) 
228
We then checked that solutions of the renewal equation (2.5) agree with those of 229 the Erlang SEIR ODE system (2.1). As an example, Figure 1 shows a visually perfect 230 match between the two models for a particular parameter set.
231
We also checked our finding that the discrete time SIR model ( §3.1.4 and Ap- problems and equivalent error bounds.
273
The generation interval is rarely observed, but through contact tracing it is pos- Table 1 Compartmental models and their equivalent intrinsic generation interval distribution for the renewal equation. The mean duration of the latent (resp. infectious) period is 1/σ (resp. 1/γ). The variable t is the time since infection and ∆t (which must be less than 1/γ) is the size of the time step when time is discrete. If µ > 0 then one just replaces σ and γ with σ + µ and γ + µ in g(τ ) for SIR and SEIR.
Compartmental ODE RE intrinsic generation-interval distribution g(t)
SIR discrete time Geometric(γ∆t): Numerical check of equivalence in continuous time. Daily incidence time series of the Erlang SEIR for different values of m and n is obtained by solving numerically the ODE system (2.1) (and retrieve βSI as the incidence). The daily incidence time series of the renewal equation (RE) was calculated using equation (2.5) and C.1 with the intrinsic generation interval g defined with formula (3.12) and a time step of 0.1 day. The superimposed curves (solid line for ODE and dash for RE) show the equivalence of both models when the generation-interval distribution of the renewal equation is appropriately chosen. Mean duration of latency (respectively infectiousness) is 2 (respectively 3) days, and R 0 = 1.3. The thick grey time series was calculated using the renewal equation model (2.5) with an exponential intrinsic generation-interval distribution and implemented with an integration time step of 0.05 day. The birth and death rate is µ = 0.02/year, the mean infectious period is 1/γ = 3 days. The reproduction number was periodically forced R(t) = R 0 (1 + α sin(2πt/T )) with R 0 = 1.3, α = 0.6 and T = 365 days.
We use the notation G rather than the standard γ for this function because, in this 356 paper, we reserve the symbol γ for the disease recovery rate. The integral of G can 357 be written
which is straightforward to verify by noting that both sides vanish for t = 0 and that
359
they have identical derivatives. Because it is an expression that occurs often in our 360 calculations, we note that
Nested sums. In the course of our computations, certain types of nested sums 363 occur repeatedly, so it is helpful to note that, for any function f ,
In the special case f (0) = 0 and f ( ) = 1 for all ≥ 1, we have [6]
We define for any integers m > 0, k > 0 and real a,
Using Equation A.4, we can re-write ψ as a single sum,
It can then be proved by induction that the integral of ψ k is
We note, in particular, that ψ 0 = 0 and ψ 1 = 
Hence,
375
(A.9)
A.3. Calculations for F k for k ≥ 2. Again from Equation 2.3 we have F 2 = nγ(F 1 − F 2 ). Multiplying both sides by e nγt gives
which can be expressed explicitly using the lower incomplete gamma function,
Similarly, starting from F 3 = nγ(F 2 − F 3 ) and multiplying both sides by e nγt we 379 have, after some algebra,
380
(A.11)
Using the results from subsection A.1, we can prove by induction (using F 3 as the 
The SIR model has been extensively covered. We consider a standard, discretized explicitly:
When studying disease invasion, we take initial conditions I 0 = 1 − S 0 1. We 401 note that equation (B.2c) can be rewritten as I t = (1 − γ)I t−1 + i t . Substituting 
Hence, we have expressed the SIR model in the same form as the renewal equation.
412
The function h can then be identified as the intrinsic generation-interval distribution The RE model has a generation interval geometrically distributed, with the time-rescaled probability parameter γ∆t (Equation B.7). When N = 1 the RE is simulated at the same times as the discrete SIR, and the two curves match. As N increases, time discretization becomes closer to continuous time and the RE curves approach the SIR model simulated in continuous time. The y-axis has a log scale to better visualize the difference between the curves. Parameters used: R 0 = 4.0, mean duration of infection γ = 1 day −1 , initial proportion of infectious individuals I 0 = 10 −5 .
